Cohomology of the complement
to an elliptic arrangement

Andrey Levin* and Alexander Varchenko®

Abstract. We consider the complement to an arrangement of hyperplanes in a
cartesian power of an elliptic curve and describe its cohomology with coefficients
in a nontrivial rank one local system.

1 Introduction

We start with a cartesian power E* of an elliptic curve E and a nontriv-
ial rank one local system on EX. We consider an arrangement of elliptic
hyperplanes in EX and describe the cohomology of its complement with
coefficients in the local system.We show that the cohomology is nontriv-
ial only in degree k. We present each cohomology class by a unique
closed holomorphic differential form. Our forms are elliptic analogs of
the Arnold-Brieskorn-Orlik-Solomon logarithmic differential forms rep-
resenting cohomology classes of the complement to an arrangement of
hyperplanes in an affine space. For the elliptic discriminantal arrange-
ment our forms are the forms considered in [2—4] to solve the KZB equa-
tions in hypergeometric integrals and to construct Bethe eigenfunctions
to the elliptic Calogero-Moser operators.

To simplify the exposition, we first consider in Sections 2 and 3 the
case of an elliptic discriminantal arrangement, then in Sections 4 and 5
we consider arbitrary elliptic arrangements.
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2 Cohomology of an elliptic discriminantal arrangement

Fix a natural number k and 7 € C,Im t > 0. Denote A = tZ + Z C C.
The group I' = Z @ Z acts on C by transformations (/,m) : t +— t +
It +m. The action on each factor gives an action of I'* on C¥. Denote by
p : C* — C*/T'* the canonical projection onto the space of orbits. We
have C¥/ I'* = EX, where E is the elliptic curve C/T.

For each representation p of I'* on a vector space W we get a vector
bundle over EX with a flat connection, which is (C¥ x W)/ 't — Ck/ %,
In particular, we may fix complex numbers w = (wy, ..., wy), take W =
C, and py(y) = 2 V1ilit4wdd) for = (I, my) x -+ x (Ig, m).
This line bundle over E* with the flat connection will be denoted by £,,.

We say that the numbers w = (wy, ..., wy) are discriminantal conve-
nient if for any subset / C {1, ..., k} the sum ) ,_, w; is notin A.
Fix distinct complex numbers z = (z1, .. ., 2,). The discriminantal ar-

rangement C, in CX with parameters z is the arrangement of hyperplanes:

H' :t;—z,=0,

l

i ,a=1,...,m
H,--:ti—tj=0, 1

I,....k
i <j<k.

N

Let M, denote its complement C*F — Unec, H.

The I'*-orbit of C, is the infinite arrangement C, + = {y(H) | y €
'Y, H € C;}. Denote by M, r+ its complement CF — Uyert, mec, v (H).
Denote by A;Iz,r C E* the image of M, 1+ under the projection p.

Theorem 2.1. Assume that the numbers w are discriminantal convenient
and zy, ..., z, project to distinct points of E. Then He(Mz,T; Ly) =0
for € # k and H*(M, ; Ly) is canonically isomorphic to H*(M; C),
the k-th cohomology group with trivial coefficients of the complement in
C* to the discriminantal arrangement.

Here H* (M, .; L) denotes the cohomology of M, , with coefficients
in the local system of horizontal sections of £,. Theorem 2.1 is proved
in Section 5.

The space M ..z 1sa K (7, 1)-space and our theorem describes the coho-
mology of the fundamental group of M ..z with coefficients in £,,. Notice
that the fundamental group of M .z 1s a subgroup of the pure elliptic braid
group with n + k strings.

The cohomology H*(M;; C) of the complement to the discriminantal
arrangement in C* are presented be explicit logarithmic forms by the
Arnold-Brieskorn-Orlik-Solomon theory. Below we describe logarithmic
differential forms representing elements of H*(M; ,; Ly). Those forms
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were used in [2—4] to give integral hypergeometric representations for
solutions of the KZB equations with values in a tensor product of highest
weight representations of a simple Lie algebra and to construct Bethe
eigenfunctions of elliptic Calogero-Moser operators.

3 Differential forms of a discriminantal arrangement

In this section we follow [4]. Theorem 3.3 is new.

3.1 Combinatorial space

An ordered k-forest is a graph with no cycles, with k edges, and a num-
bering of its edges by the numbers 1, 2, ..., k. We consider the ordered
k-forests on the vertex set of symbols {z;, ..., z,, 1, ..., tx}. An ordered
k-forest T is admissible if all ¢, ..., t; are among the vertices of 7" and
each connected component of 7" has exactly one vertex from the subset
{Z], e, Zn}.

Let A" be the complex vector space generated by the admissible or-
dered k-forests, modulo the following relations:

R1 T} = —T, if T} and T have the same underlying graph, and the order
of their edges differ by a transposition;
R2

a b

v + b; + ;a =0 (a,befl, ... k}),

that is, the sum of three k-forests that locally (i.e. their subgraphs
spanned by 3 vertices) differ as above, but are otherwise identical,
is 0.

A linear map ¢ of A to a vector space W is called a representation of
AK. Suppose we are given a vector space W and a vector ¢(T) € W
for every admissible k-forest 7. This data induces a representation if the
assignment 7' +— ¢ (T') respects relations R1 and R2.

3.2 Rational representation

Let e be an edge of an admissible forest 7. The connected component of
T, containing e, has exactly one vertex, say z,, from the set {z1, ..., z,}.
Denote by /(e) and 7 (e) the head and tail of the edge e, i.e. the vertices
adjacent to e, farther resp. closer to the vertex z,.
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Fix distinct complex numbers z = (zi, ..., z,). To an admissible for-
est T with ordered edges ey, . . ., ex, we assign a closed holomorphic dif-
ferential k-form ¢,,,(T) on M, by the formula

Grat(T) = A_ dlog(h(e;) — t(e;)).

This assignment defines a representation of AX on the space of k-forms
on M,, see [1,5]. By [1,5], the representation is an isomorphism onto
its image, see Proposition 2.1 in [4]. We denoted the image by A’Z‘. The
assignment to a form of its cohomology class gives a linear map A% —
HK(M,; C).

Theorem 3.1 ([1,5]). The map .Aﬁ — H*(M_; C) is an isomorphism.

3.3 Theta representation.

For z, 7 € C, Im 7 > 0, the first Jacobi theta function is defined by the
infinite product

0) =0 1) = V=1V g) (L) g1 ).

o0
g ="Vl x =V, i) =[] = yg".
j=0

[9]. It is an entire holomorphic function of z satisfying
0+ 1.1)=—0@1). 0@+1.7)=—e VTV g D),
0(—z,7) = —0(z, 7).
By 0'(z, t) we will mean the derivative in the z variable. Define

O(w—t,1)

— . 0(0, 7).
O(w, t)0(t, T)

oy(t) = oy(t, T) =

The listed properties of the theta function yield that the function o —
viewed as a function of ¢ — has simple poles at the points of A C C, as
well as the properties

owt+1,1) =0, 1), ow(t +1,7) = &V o (1, 1),
Res;—¢ o, (¢, T) = 1.
We also have
Ow+w, (t_u)au)z (S_t)_au)z (S_M)Gwl (t_u)+aw1 (t_s)0w1+w2 (s—u)=0,

see for example, [4].
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Fix discriminantal convenient complex numbers w = (wy, ..., wy)
and distinct complex numbers z = (zy,...,2,). Fori = 1,...,k, we
say that #; has weight w;.

Let T be an admissible forest and v a vertex of 7. The connected
component of 7', containing v, has exactly one vertex, say z,, from the
set {z1,...,2,}. We define the branch B(v) of v to be the collection of
those vertices u for which the unique path connecting u with z, contains
v. By definition v € B(v). The load L(v) of a vertex v in the forest 7 is
defined to be the sum of the weights of the vertices in B(v).

To an admissible forest 7 with ordered edges ey, ..., e;, we assign a
closed holomorphic differential k-form ¢4 (7") on M, 1« by the formula

Go(T) = Ni_ 0Ly (h(er) — t(e;), T) d(h(e;) — t(e:)).

Notice that if w are discriminantal convenient, then the load of each ver-
tex h(e;) does not lie in A and the form is well-defined.

Theorem 3.2 ([4]). Assume that w is discriminantal convenient and
Z1, - - -, Zn project to distinct points of E. Then the assignment T +>
¢o(T) defines a representation of AX on the space of k-forms on M, 1.
The representation is an isomorphism onto its image, denoted by Alz{,rk'

Each element of .A’z‘ r descends to a closed holomorphic differential form

on M, . with values in L.

The assignment to a form of its cohomology class defines a linear map
Af — HY(M, .; Ly). In Section 5 the following theorem will be proved.

Theorem 3.3. Assume that the numbers w are discriminantal convenient
and zi, ..., z, project to distinct points of E. Then the map A* —
HY(M .; Ly) is an isomorphism.

Theorems 3.1 and 3.3 imply the second statement of Theorem 2.1.

According to [7], dim A* =" cmloomy!

My A=

4 Transversal elliptic hyperplanes

4.1 Elliptic hyperplanes in EX

Denote £ = E*. Any k x k-matrix C € GL(k,Z) defines an isomor-
phism & — &, (f1,...,f) — QoL s 2 7jcjr). The collection
> iticjis vy 2 e will be called coordinates on €.

Let 7], ..., be coordinates on &. Fibers of the projection £ — E*
along the last k — ¢ coordinates will be called elliptic k — £-planes in £,
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in particular, elliptic k — 1-planes are elliptic hyperplanes. The fibers of
the same projection will be called parallel k — ¢-planes.

An elliptic k — ¢-plane is defined by equations 7/ = Z;, i = 1,...,¢,
for suitable z; € E. Each elliptic k — £-plane is isomorphic to E¥~¢ as an
algebraic variety.

Lemma 4.1. The normal bundle of an elliptic k — €-plane in £ is trivial.

4.2 Intersection of ¢ < k transversal elliptic hyperplanes

We say that ¢ < k elliptic hyperplanes H,, ..., H, intersect transversally,
if they are defined by equations

fla1j+---+t~kakj—2j=0, j=1,...,¢, “4.1)

and the rank of the £ x k-matrix a = (a;;) equals £.
By standard theorems, see for example [8], there are coordinates
7, ..., 1, on & such that system (4.1) is equivalent to a system

where Z’j € E,dj € Z.gandd;|dj;  for j =1, ..., £—1. Therefore, the
intersection X of ¢ transversal hyperplanes in € consists of (d; . ..d;)?
parallel elliptic k — £-planes.

Let w = (wy, ..., w;) be complex numbers and L, the line bundle
over £ with a flat connection defined in Section 2. We say that w are con-
venient for &, if there are no nonzero £,,-valued holomorphic differential
k-forms on £.

Lemma 4.2. Complex numbers w are convenient for £ if and only if w ¢
AX.

Proof. 1t is enough to prove the lemma for k = 1. If k = 1 and w
is an L,-valued holomorphic 1-form, then it is 1-periodic and has the
Fourier series expansion. The expansion easily implies the required state-
ment. U

Similarly, we say that w are convenient for the transversal intersection
X withdim X = k — £ > 0, if there are no nonzero £,,-valued holomor-
phic differential k — £-forms on any of the parallel k —¢-planes composing
X. Let X be defined by equations (4.1).

Lemma 4.3. Complex numbers w are convenient for the transversal in-
tersection X, dim X > 0, if and only if there exist integers 1y, ..., l; such
thaty ,_lia;; =0for j =1,...,¢ and liw; + - - - + Lw, & A.
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Proof. The proof of Lemma 4.3 is the same as the proof of Lem-
ma4.2. O

Lemma 4.4. [f the numbers w are convenient for £, then H*(E, L) =

0. If w are convenient for the transversal intersection X, dimX > 0,
then H*(X, Ly]x) = 0.

Proof. The lemma follows from the Kunneth formula and the fact that
the cohomology of a circle with coefficients in a nontrivial local system
is zero. O

4.3 Differential forms of k transversal hyperplanes in £

This section contains the main construction of the paper.
Let k transversal elliptic hyperplanes Hj, ..., H; in £ be given by
equations

k
Y hay =%, j=1....k (4.3)
i=1
where 7, ..., f; are coordinates on &£, a = (a; ) 1s an integer matrix (with
nonzero determinant) and Zy, ..., Z; are some points of E.

For a complex number ¢, we denote by ¢ its projection to E. In
particular, 0 € E is the projection of 0. For given complex numbers

w = (wy, ..., wg), we consider the system of equations
k
Yyt =w  i=1,....k (4.4)
j=1
with respect to the unknown U1, ..., U € E. We say that w is admissible
for Hy, ..., H if any coordinate v; of any solution of (4.4) is not equal
to 0.

Lemma 4.5. Assume that the numbers w are convenient for each of the
transversal intersections X, j = 1, ..., k, where X is the intersection
of the elliptic hyperplanes H, ..., I:Ij_l, I:Ij+1, ..., Hy, then w are ad-
missible for I:I], R Hk.

Proof. Let vy, ..., Uy be any solution of system (4.4). Let [y, ..., [ be
integers such that ) ,_, ,a;; = Ofor j = 2,...,k, and [jw; + --- +
lkwk ¢ A. Then 6 ;ﬁ Zi liﬁ)i = Zij lia,-jﬁj = Zi liailﬁl. Hence
U] # 0. Similarly we prove that v,, .. ., Uy are not equal to 0. O



380

Let w be admissible for 1:11, R I:Ik. Fix complex numbers zi, ..., zx
whose projections to E are Zi, ..., z;. For any integers A;, B;, C;, D;
withi =1, ..., k, we consider two systems of equations:
k
Y wiay=AjT+Bi+z,  j=1...k (4.5)
i=1

and
k
Zaijvj:Cir+D,-+w,~, l:1,,k (46)
j=1

The first system is with respect to complex numbers u = (11, ..., u;) and
the second system is with respect to complex numbers v = (v, ..., Vg).

To the solution v = (vy, ..., v;) of (4.6), we assign the meromorphic
k-form on CK,

wo(£,7) = wy(ty, .. zk, 7) 4.7)

= detq e 2"/ TXi nctft]_[a (Zt,au 2. T )dn/\---/\dl‘k.

j=

TNhe forrn~ is well-defined since the numbers w are admissible for
H,, ..., H.

Lemma 4.6. The form w,(t, t) descends to an Ly-valued meromorphic
formon &, i.e. w,(t +y, 1) = pu(¥)wy(t, T) fory € Tk,

Lemma 4.7. The form w,(t, t) does not change if v is changed by an
element of A*.

Lemma 4.8. Letu = (uy, ..., u;) be the solution of system (4.5). Then

C()v(t1+ul,.. tk+uk,f)

=M (u,v) deta e —2mV=TY 1C"‘l_[o (Zt,a,,, )dtl/\---/\dtk,

j=
where

M(u,v) = eZN\/le?:l(AiUi—Ciui)‘

For a complex number ¢, we shall write ¢ = cr + t¢, with cgr, ¢; € R.
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Lemma 4.9. We have

k k k
Z(Aivi - Ciu;) = Z(Aivi,R — Bjv; ;) + Z(uiwi,r — ZiVi7).
i=1

i=1 i=1

Proof. Zi A;v; :Z,’(Aivi,R +TAvi 1) and Zi Ciu; :Zi(Zj aijvjr —
Wi Ui = D UiRAiVj e + T Y Ui rijVfe — Dy Wity = ) (B +
ZjRWjr + T (A + 2,V — > . wi-u;. These equalities give the
lemma. U

If u is a solution of (4.5), then p(u) is a solution (4.3). All solutions of
(4.3) have this form. Similar relations hold for systems (4.6) and (4.4).

Each of the systems (4.3) and (4.4) has (deta)? solutions. For each
solution & of (4.3) we fix a solution u of (4.5) such that p(u) = u. We
denote by U the constructed set of (deta)? points u € C*. For each
solution v of (4.4) we fix a solution v of (4.6) such that p(v) = v. We
denote by V the constructed set of (deta)? points v € CF.

Theorem 4.10. The matrix M = (M (u, v))ycq.vey is nondegenerate.

Proof. Let M (u, v) = 2™V~ Xini(Aiviz=Bivio)
The matrix M|, = (M, (u, v))ycu.vcy 1S obtained from M by multiplica-
tion by nondegenerate diagonal matrices. Thus, it is enough to prove that
M, is nondegenerate.

The nondegeneracy of M, follows from the nondegeneracy of M; for
w = 0 and z = 0, since the matrix M; for w, z not necessarily equal to
zero is obtained from the matrix M; with w = 0, z = 0 by multiplication
by nondegenerate diagonal matrices.

By elementary row and column transformations, the pair of systems
(4.5) and (4.6) can be reduced to the case of a diagonal matrix a. For a
diagonal a and w = 0, z = 0O the nondegeneracy of M, is obvious. U

Theorem 4.11. Let w be admissible for I:Il, R I:Ik. Let U be a set as
above. Then there exist the unique differential k-forms o, g 7 (¢, 1),
u € U, such that each w, g g (¢, 7) is a C-linear combination of forms
wy(t, T), v €V, and for any u, u' € U we have the followings expansion,

wu,ﬁl ,,,,, gA(t + u/’ T)

k k
= ((su,u’ + O(t)) leg (Z l‘,'a“) VANEIEIVAN leg ( t,-aik> s
i=1 i=1

where O(t) is a function holomorphic at t = 0 and O(0) = 0.
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Proof. The theorem is a direct corollary of Theorem 4.10. U

Given transversal Hl, R Hk, the set U/ is not unique, each point u’ €
U can be shifted by any element y = (I17 +my, ..., T + my) of Ak,

Lemma 4.12. Assume that exactly one point u' of the set U is replaced
with a point u” = u' + y. Consider the set of differential forms
assigned to the new set U by Theorem 4.11. Then w,, g 7 (&, T) =

2 VIl ilittudo g ... (&, ©) and all other differential forms
Oy ..., (L T), w € U, remain unchanged.

4.3.1 Theresidueofw, 5 ;5 Let H beahyperplane in C* defined by
an equation tya;j + --- + fraxj = A;T + B; +z;, where j € {1, ...k}
and A;, B; are some integers, c¢f. (4.5) and (4.7). We have p(H) = H

Let u be a point of U and Oy 1,0, the corresponding differential form.

.....

Lemma 4.13. Assume that a vector y = (llt +my, ..., Lkt +my) € AX
is tangent to H, i.e. Zi(l,-'c +m;)a;; = 0. Then for all t € H, we have
Nu(t+y) = e V=1ilit4wdd ¢y That is, the form 1, deﬁnes an Ly-
valued differential form over the elliptic hyperplane p(H) = H; C £.

Now we choose H in Lemma 4.13 so thatu € H.
Fori # j, the intersection H; N H is a collection of parallel elliptic
k — 2-planes. We denote by H Y that elliptic k — 2-plane which contains

it = p(u). Then H”, .. LAY A

L H H\ are transversal elliptic

hyperplanes in H i

Theorem 4.14. We have n,(t) = (—l)j_la)u’gfj) .... H(/) H](i)l """"

Proof. The difference of the right hand side and the left hand side de-
fines an L, -valued form on H with logarrthrmc singularities along H; N

H],... H] 1 N H H. i1 N H, L. Hk N H The difference has zero
k — 1-iterated res1dues at all pomts Therefore the difference vanishes
due to the following lemma. U
Lemma 4.15. Assume that for everyi = 1, ..., k, we have a finite set of
parallel hyperplanes {Hil" | l; € L;} in £ Assume that the hyperplanes
H f', R H,f" intersect transversally. Assume that numbers w are conve-
nient for the transversal intersection of H ll S H,fk.

Let Q be an Ly-valued meromorphic differential k-form on £ with log-
arithmic singularities at the union of all hyperplanes {Hil" li=1,.., k1€
L;}. Assume that Q2 has zero k-iterated residues at all points of E. Then
Q is the zero form.
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Proof. The proof is by induction on k. If k = 1, then €2 is regular on E.
Since w are convenient, €2 vanishes.

Step of the induction. The residue of 2 at any hyperplane I:Ijl.j has
the same properties as €2: the residue has logarithmic singularities at the
union of all intersections Fll.l" N b?jl.’ , the residue has zero k — 2-iterated
residue at any point. By the induction assumption, the residue of 2 at
F[ j’ vanishes, hence, Q2 is regular on £ and €2 is the zero form due to the
convenience of w. O

4.3.2 Example Here is an example illustrating Theorem 4.11 for k = 1.
Consider an analog of the pair of systems (4.3) and (4.4): 2f = 0 and
2v = w, where w ¢ A. We can choose U = {0, 1/2,7/2,1/2 + t/2}
and V = {w/2, w/2+1/2, w/2+71/2, w/2+1/2+1/2}. The differential
forms w,, v € V, given by formula (4.7), are

w1=20,,22t, T)dt, wy=20y,2412(2t, T)dt,

3= 2672nﬁt0w/2+r/2(2t,f)dt wy= 2672”ﬁt0w/2+1/2+r/2(2l, T)dt

Denote y = eV~ Then the differential forms w,, u € U, given by
Theorem 4.11, are

- 1 B 1
W = Z(C‘)I +wr+yos+yws), @ = Z(wl +wy — yw3s — yws),

- - 1
w3 = Z(wl —w)y+Yyw3 —Ywy), W4= Z(a)l —w) — yw3 + yws).

The forms @;,i = 1, ..., 4, define meromorphic £, -valued differential
forms on E. The form @, is regular on C — A, has simple poles at A,
has residue 1 at ¢+ = 0. The forms @,, @3, @4 have similar properties with
respect to the sets C — (1/2+ A),C— (z/24+ A),C—(z/2+1/24+ A)
and points 1/2, t/2, t/2+1/2, respectively. These properties imply that

) = o,(t, T)dt, Wy = o, (t — 1/2, 7)dt,
w3 = o, (t — t/2, T)dt, Wy =0, —1t/2—1/2, T)dt.

5 Arbitrary elliptic arrangement
5.1 An elliptic arrangement

An elliptic arrangement in £ = EF is a finite collection C = {H iYies
of elliptic hyperplanes. We fix coordinates 71, ..., f; on £ and for every
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j € J we fix an equation f1a;; + -+ + fay; — Z; = 0 defining the
hyperplane H e
We denote by
Me=E—VUje, H;

the complement of the arrangement.

Consider the intersection of any ¢ < k transversal hyperplanes of C.
The intersection consists of a finite set of parallel elliptic £ — € planes.
Each of these k — ¢-planes will be called an edge of £. In particular, if
£ = k, then the O-planes will be called vertices of &£.

For an edge X we denote Jy ={j eC J | X C I:Ij}.

We denote by U/ the set of all vertices of C. For every vertex it € U we
choose a point u € C* such that p(u) = @. The set of all chosen points
in C* is denoted by /.

We say that complex numbers w = (wy, ..., wy) are convenient for
the elliptic arrangement C, if w are convenient for the intersection of
every { < k transversal hyperplanes Hj,, ..., H;, of C (in the sense of
Section 4.2).

5.2 Differential k-forms of an elliptic arrangement

For a vertex & € U, we denote by C; = {FI i}jer, the subarrangement
of all hyperplanes of C containing #. In a small neighborhood of @
the arrangement Cj; is isomorphic to a central arrangement of affine hy-
perplanes. We denote by A’; the k-th graded component of the Orlik-
Solomon algebra of that arrangement. More precisely, let .AI,; be the
complex vector space generated by symbols (Fl s oo FI i) with j; € Jg,
subject to the relations:

1) (I-:Ijl, e I:Ijk) =0if Fljl,...,I:Ijk are not transversal;

(i) (Hj, g s Flja(k)) = (/—\1)""([—?j1, e ﬁjk) for any o € Sg;
(iii) Y-t (=D (Hj,, ..., Hj,, ..., Hj,,,) = 0 for any k + 1 elliptic hy-
perplanes of Cj.
We set

*Aé = @ﬁeZ;{AZ'

Let us fix w = (wy, ..., wy) convenient for &. Letu € Uandu € U be
such that p(u) = u. Let Hj,, ..., Hj be any k transversal hyperplanes

.....

on CF assigned by Theorem 4.11 to these k transversal hyperplanes and
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denoted by w, g, g, (¢, ) in Theorem 4.11. We denote by Aé the com-
plex vector space generated by the forms w,, Ay 0, (¢, 7). Notice that

by Lemma 4.12, the space A’; does not depend on the choice of u such
p(u)=u. 3
We denote by A}, the sum of vector spaces AL, & € U.

Theorem 5.1.

(i) The map AL — A% (H,,...,H;) — o
isomorphism of vector spaces.
(i) We have Af, = @, ;AL

i, (t,7), is an

Proof. It is enough to prove that for any k + 1 elliptic hyperplanes of Cj,
we have the elliptic Orlik-Solomon relation

k+1

Z(—l)’wu’gj’mﬁ; ..... s =0 (5.1)

i=1

The proof is by induction on k. If k = 1, the difference w, 5 — w, j, 18
regular on E and is the zero 1-form due to the convenience of w.

Step of the induction. Foreveryi =1, ..., k 4 1, the residue at H j; of
the left hand side in (5.1) is the left hand side of an elliptic Orlik-Solomon
relation for an arrangement in H;,, see Theorem 4.14. By the induction
assumption, the residue of the left hand side at H i 1s the zero k — 1-form.
Hence, the left hand side in (5.1) is regular on £ and vanishes due to the
convenience of w. O

5.3 Cohomology of the complement

Every form w € A'é induces a holomorphic £,,-valued k-form p,(w) on

the complement M of the elliptic arrangement C. The image of A’é will
be denoted by p*(A’é). The assignment to p,(w) its cohomology class

[p«(w)] defines a linear map ¢ : AL, — H*(Mc; £,,). Here H*(Mc; Ly)
denotes the cohomology of M with coefficients in the local system of
horizontal sections of L.

Theorem 5.2. Assume that w are convenient for C. Then H EMe: L) =
Ofort # kand ¢ : A’é — HY(Mc; Ly) is an isomorphism.

Proof. We need the following lemmas. O

Lemma 5.3. The map (¢ : A’é — HY(M¢; Ly) isa monomorphism.
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Proof. For a central affine arrangement of hyperplanes in C¥, the k-th
homology group of the complement with trivial coefficients is generated
by k-dimensional tori located near the vertex of the arrangement and cor-
responding to the k-flags of the arrangement, see Section 4.4 in [7]. The
nondegenerate pairing between the top degree cohomology of the com-
plement with trivial coefficients and the top degree homology is given
by the integrals of the Orlik-Solomon differential forms over the tori.
The integrals are nothing else but the multiple residues of the differential
forms at the flags of the arrangement. Locally at & € U/, the arrangement
Cy is isomorphic to a central affine arrangement. The k-dimensional tori
of that central arrangement, considered as k-dimensional tori in a small
neighborhood of # in M induces a vector subspace H~ x C Hk(M Ly).
The pairing between Hj; and Ay is zero if # # @' and the pairing is
nondegenerate if # = u’. O

Lemma 5.4. Theorem 5.2 is true for k = 1.

Proof. The lemma follows from the convenience of w and the exact se-
quence for the pair M¢ C E. O

Let jo be an element of J. We consider the following three elliptic
arrangements: C,C’,C", where C' = {H;}jej—(j,) and C” is the elliptic
arrangement induced by C on H io°

Lemma 5.5. We have an exact sequence
0— A% — AL — AL — 0, (5.2)
where the second map is the residue at H,.

Proof. The lemma follows from the fact that Ak, Aé,, A'é;l are 1somor-
phic to the top degree components of the Orlik-Solomon algebras of cen-
tral arrangements. U

Lemma 5.6.

() Fort#k we have H (M¢: L) =H'(Mc: Lo)=H" (Mer;: L) =
0.
(i) Consider the following diagram

0 A, Ak AL 0

llc/ l lc l LC//

0 —> H*(Mc:; L) — H*(Mc; L) — H*'(Mcr; L) — 0
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where the top horizontal sequence is the sequence (5.2), the ho-
momorphisms of the bottom horizontal sequence are the homomor-
phisms of the exact sequence of the pair Mc C M, cf. Lemma 4.1.
Then the diagram is commutative, the horizontal sequence is exact
and the vertical homomorphisms are isomorphisms.

Proof. The proof of this lemma is similar to the corresponding proofs in
Section 5.4 of [6]. Namely, using Lemma 4.1, one proves that there is a
cohomology long exact sequence

N HZ(MC’; Ew) —> HZ(MCa »Cw)
N Hz—l(MC”; Lw) — H“l([\;jc,; Ly) — ...,

¢f. Corollary 5.81 in [6]. Using the induction on k, one proves that
HY(Mcr; L) ~ H (Mc; L) if € # k. Using the induction on the num-
ber of hyperplanes in C, one concludes that H*(M¢; L) = 0 if £ # k
and one gets an exact sequence 0 — Hk(A;ICr; L) — Hk(Mc; Ly) —
Hk”(ll;[cn; Ly) — 0. Then using the double induction on k and
the number of hyperplanes in C one gets the second statement of
Lemma 5.6.

Lemma 5.6 implies Theorem 5.2.

Theorem 5.2 implies Theorems 3.3 and 2.1. O
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